If at each point there is a frame of reference in which the current is along the magnetic field and the electric field is zero, then the field is a force-free field.
My friend Kevin Prendergast died in 2004
September after a long struggle against cancer. Although ill he generously came to a seminar I gave at Columbia in 2003 November on the theory of magnetohydrodynamic (MHD) jets twisted up by accretion discs (LyndenBell 2003) . Afterward he pointed out that the structures of the magnetic fields so generated were similar to those he had found in notes he had earlier given me on self-similar relativistic solutions. Although the two problems solved have very different boundary conditions, indeed there is no twisting disc in Kevin's problem, nevertheless his is a fully relativistic exact solution which is a wondrous pearl to find in such a difficult field. Home in 2004 March I searched for and eventually found Kevin's old notes. When I originally read them, it was not clear to what astrophysical problem this solution should be applied; but now a point release of magnetic energy giving rise to a relativistic expansion should clearly be the background to a model for γ -ray bursts. Even if many of the more physical effects are inevitably missing in an analytical solution to an idealized problem, it should provide a vital check for computational codes that claim to work into the relativistic regime.
As Kevin had lost his copy of these notes and was by then too ill to prepare them for the press he agreed by e-mail that I should do so. Sadly I have taken too long for him to see the final product. Nevertheless those who read this paper will appreciate the precision and the originality of approach that marks Kevin Prendergast's work.
It is not clear to me when Kevin wrote these notes. He gave me them many years ago now and by then they had already spent years lying on his desk. The latest references he quoted are to papers from 1978, but those were quoted as if they came from several years previously so it is probable that the notes date from the early 1980s.
I have corrected a few typographical errors and have made minor changes to bring some of the discussion up to date, but the only substantial change is in the title where I have changed Kevin's 'Timedependent' to 'Relativistically expanding' so that the antennae of those interested in γ -ray bursts should be alerted. Some other exact Deceased. MHD solutions beside those cited by Kevin may be found in the books of Mestel (1999) and Priest & Forbes (2000) and in the paper by Aly (1994) . There are of course a great number of numerical studies.
T H E P R E N D E R G A S T S O L U T I O N
To begin with, it is not clear how the notion of a force-free field is to be generalized to include time dependence. If the magnetic field changes there will be an electric field which cannot be neglected unless the evolution is so slow that it can be considered as a sequence of nearly stationary states. So far as I know, only such quasi-static solutions have been treated in the literature (cf. Low 1977; Syrovatskii 1978) .
One possible generalization which works for arbitrarily fast time dependence is the following: suppose that at each point in spacetime we can choose a local (primed) frame in which J is parallel to H , and E = 0. As we are interested in self-similar fields, we assume that this system of local frames expands radially away from the origin in such a way that at any instant the velocities of the frames are proportional to their distance from the origin, with the velocity of any single frame remaining constant in time. Thus the world lines of the local frames as seen by an observer at the origin are simply straight lines in a diagram of r versus t covering the sector bounded by r = 0 and r = ct. We will solve Maxwell's equations in the (unprimed) frame of an observer at the origin, and we must first find the charge and current densities in this system. The assumption that E = 0 for an observer at r at time t, moving with velocity cβ in the radial direction, leads via a Lorentz transformation to
(1)
We also have
where
The last set of equalities follow from the Lorentz transformation for the current. These equations, together with ρ = 1 4π
∇ · E, enable us to express the currents in terms of H, β, α and their derivatives. The function α is arbitrary so far, and merely expresses the fact that J and H are parallel. We seek a similarity solution of Maxwell's equations -that is, one which depends on r and t only through certain combinations of the variables, such as
where µ = cos θ. To satisfy the condition ∇ ·H = 0 we represent H as the sum of poloidal and toroidal parts in the form
Pφ , where T and P are functions of β and µ. We then have
and, from equation (1),
We insert these expressions in the Maxwell equation
and find, after some reduction, that all three components of equation (6) are satisfied if and only if λ = 2. Moreover, with λ = 2, these equations are satisfied identically, that is, they do not restrict T and P in any way. For the remaining Maxwell equation,
we begin by computing J in terms of T and P. Since J r = α γ H r + βcρ, it is clear that we can have a similarity solution only if α is inversely proportional to r (or, otherwise, r will not factor out of the equations). We put α = γ g/r , where g is a function of β and µ, and compute ρ from
Then
and
We have introduced g as an arbitrary function of β and µ, but it is evident that equation (7) has no solution unless certain restrictions are placed on g. The reason is that the equation of charge conservation,
is a consequence of equation (7) and, since J involves g and ρ does not, equation (12) will not be satisfied for arbitrary g. Using the known expressions (8)- (12) for ρ and J in terms of T and P we find after some reduction that charge conservation requires g to be a solution of
This equation can be rewritten in the form of the Jacobian of P and g/β with respect to β and µ, and we therefore have
where G is an arbitrary function of P. With this restriction on g we write out the equations for ∇ ×H in component form, and find
for ther -andθ-components respectively. Letting G(P) ≡ dH(P)/dP, where H(P) is arbitrary, we find the general solution of equation (15) to be
where f (β) must be a solution of
order for T to satisfy equation (16) as well. 1 With T and f determined as above theφ-component of equation (7), and the last equation to be solved, reduces to
Since the chances of solving this generally non-linear partial differential equation for an arbitrary choice of H(P) are negligible, we resort to the expedient of choosing H(P) = K P, where K is a constant. This equation is readily found to allow separable solutions of the form
where (1 − µ 2 ) p n + n(n + 1) p n = 0 and U n (β, ω) must satisfy
where ω = 4π K /c. Differentiation of the equation for the p n demonstrates that p n obeys Legendre's equation so dP/dµ can be nicely expanded in the Legendre polynomials P n (µ). We may take Expanding self-similar force-free fields 727
So far as the angular part of the solution is concerned, we must have n 1 in order to avoid fields that become singular on the axis. Gordon Ogilvie (private communication) points out that the radial equation (18) can be reduced to a Legendre equation by using 1/β as the independent variable so its solution is P iω n (1/β) or Q iω n (1/β), but it is more illuminating to define a new independent variable
in terms of which equation (18) becomes
which is the Schrödinger equation for a potential proportional to cosech 2 x, but without the quantum mechanical boundary condition U → 0 at x = 0. This equation has been integrated numerically for a number of values of n and ω. The following conclusions emerge from a study of the solutions.
(i) For a given ω (that is, for a given ratio of current density to field strength), and for given n, there are two solutions which behave as x n+1 and x −n for small x. This radial dependence together with the angular variation p n (µ) for P means that the fields near the origin have approximately the structure of static magnetic multipoles.
(ii) There are an infinite number of zeros of U n for every n and every ω. The magnetic lines of force do not cross the spherical surfaces corresponding to these zeros. Moreover, the lines of force do not cross the conical surfaces determined by the zeros of P n (µ). Within the volume bounded by two cones and two spheres (or by the origin and the first sphere) the lines of force are wrapped spirally on a set of nested toroids, each of which is a surface of constant P.
(iii) The electric field is everywhere perpendicular to the radial direction and to the magnetic field: hence the electric field lines are wound spirally on the surfaces of spheres. The strength of the electric field approaches that of the magnetic field as β → 1 (corresponding to v → c), and the overall field structure near β = 1 resembles an outgoing electromagnetic wave.
(iv) For given n, the value of x corresponding to the first zero of U n (x, ω) is lower for high ω than for low ω. Thus, if we take this x as a measure of the expansion velocity of the configuration, fields with low current-to-field ratio expand faster than fields in which this ratio is high. The expansion velocity approaches c as J goes to zero.
(v) For low values of n and ω (corresponding to rapidly expanding fields of simple structure), the magnetic field lines actually focus towards the axis at large distances from the origin.
(vi) All of these fields are exact solutions of the hydromagnetic equations for a cold uniformly expanding gas.
(vii) If we had a sufficiently complete atlas of solutions of the linear problem [i.e. equation (17) with H(P) = K P], we could solve the problem for arbitrary H(P) by using the methods developed by Prendergast & Tomer (1970) to solve the non-linear Poisson equation.
(viii) Approximate solutions to equation (19) may be found by the JWKB method. The integration to determine the phase can be carried out explicitly, leading to the solutions for x > sinh −1 (1/ ):
However, it is the solution before the first zero that is more interesting for the reasons given above. Here the square bracketed expression in (19) ceases to vary slowly so we can not use JWKB directly. However, we can transform the equation by writing
and it then takes the form .
PRO S P E C T S F O R G E N E R A L I Z I N G T H E P R E N D E R G A S T S O L U T I O N ( B Y D L -B )
There are two important Ansätze in the Prendergast solution.
First there is the uniformly expanding frame. It might be productive to investigate other simple frames, especially those with some rotation as well as the expansion, those with different expansion
